New features of the linear stability of the spiral Poiseuille flow for a wide range of inner and outer independent rotation speeds of the cylinders and imposed axial pressure gradient are investigated.
I. INTRODUCTION
The spiral Poiseuille problem deals with the behavior of an incompressible viscous fluid confined between two coaxial cylinders independently rotating around their common axis. In addition, the fluid is enforced to flow downstream by an imposed pressure gradient in the axial direction. The resulting steady spiral flow is a combination of a rotation due to the azimuthal Couette flow and an axial parabolic profile, due to the pressure gradient, also termed spiral Poiseuille flow. 1 Pressure-driven flows are of common usage in industry for many purposes such as cooling of rotating electrical machinery, purification of industrial waste water, or optical fiber fabrication techniques. 2, 3 Beyond the practical applications of this kind of flows, there are many theoretical aspects that are of interest for the fluid dynamicist regarding the stability of the basic regime.
The stability of this flow has been studied numerically and experimentally by many authors. [4] [5] [6] [7] [8] [9] A first comprehensive linear stability analysis was provided by the present authors 8 for medium gap, where the study covered a wide range of independent angular speeds of the cylinders as well as axial flow velocities. A recent work 9 has extended the analysis to much higher axial velocities, for four values of the ratio of the cylinders' angular velocities; they have established the connection between the Tollmien-Schlichting instability typical of Poiseuille flow with the centrifugal instability due to the rotation of the cylinders. In this study some of the results provided in our earlier studies 8 were shown to be inaccurate due to a lack of spectral resolution in the azimuthal direction when the outer rotation or the axial speeds are moderately high. Although our previous results were correct for all axial speeds and low or moderate outer rotation velocities, more accurate computations are required when centrifugal mechanisms become more important. The present work corrects our previous analysis 8 and presents a much wider exploration in parameter space, extending previous results, 8, 9 revealing new interesting phenomena, and providing some insights regarding the competition between centrifugal and shear instability mechanisms. The paper is structured as follows. The mathematical and numerical formulations of the stability of the problem are presented in Sec. II. A comprehensive study regarding the particular difficulties that arise when computing the critical values from the linearized Navier-Stokes equations is presented in Sec. III. The stability of the problem for low or moderate axial Reynolds numbers is revisited in Sec. IV. The main new result in this section is the existence of a curve on the critical surface where the axial speed and angle of the bifurcated spirals change sign, resulting in a drastic and unexpected change in the bifurcated solution features. The accuracy and reliability of the results have been carefully analyzed, making comparisons with earlier works 8 where the azimuthal resolution was insufficient and tricritical azimuthal modes of opposite signs were overlooked. Finally, Sec. V is focused on the stability of the flow for high values of the axial Reynolds number, where the Tollmien-Schlichting instability is found. The main new result in this section is the computation of the critical surface in the corotating regime for a wide range of outer rotation Reynolds numbers. In Sec. V A a comparison with previous results 9 is presented, with very good agreement; the geometry of the computed linear stability surface offers a nice explanation of the sudden appearance of turning points in the critical curves recently obtained by other authors 9 for fixed values of the ratio of the cylinders' angular velocities. 
II. STABILITY FORMULATION AND NUMERICAL METHODS
We consider an incompressible fluid of kinematic viscosity and density which is contained between two concentric rotating cylinders whose inner and outer radii and angular velocities are r i * , r o * and ⍀ i , ⍀ o , respectively. In addition, the fluid is driven by an imposed axial pressure gradient. The independent dimensionless parameters appearing in this problem are the radius ratio = r i 
Let v = ͑u , , w͒, the physical components of the velocity field in cylindrical coordinates ͑r , , z͒. The boundary conditions for v are
where r i = r i
The steady velocity field v B ͑spiral Poiseuille flow͒, independent of the axial and azimuthal coordinates ͑ , z͒, and satisfying ͑1͒ and ͑2͒ is
where
2 ͒ln ͔, and D = ͑1 − ͒͑ln ͒C / ͑1+͒. We will use throughout the paper ͑Ri, Ro, Re͒ as nondimensional parameters, keeping = 0.5 fixed. Other nondimensional groups are used by other authors, such as the Poiseuille number P =−͑‫ץ‬p * / ‫ץ‬z͒d 3 / 2 , the rotation rate ratio = ⍀ o / ⍀ i , and the Taylor number. Different Taylor numbers can be found in literature, and we are going to use Ta= d 2 ⍀ i / , as defined in previous studies, 6, 9 for comparison purposes. The relationship between the different nondimensional numbers is
Ri .
͑4͒
For = 0.5 we obtain P = 11.9063 Re, Ta= Ri, and = Ro/2Ri. The basic flow is perturbed by a small disturbance which is assumed to be periodic in the azimuthal and axial coordinates:
where v B = ͑0, B , w B ͒ is given by ͑3͒; the azimuthal wave number must be integer ͑n Z͒, k R, and C. The perturbation of the velocity field is solenoidal and also satisfies homogeneous boundary conditions:
A formal substitution of the perturbed fields ͑5͒ and ͑6͒ in the Navier-Stokes equations ͑1͒ leads to the eigenvalue problem
where nonlinear terms have been neglected. The boundary value problem ͑7͒ and ͑8͒ is numerically discretized, making use of a solenoidal Petrov-Galerkin 10 spectral method already formulated and tested in the study of other spiral flows, 11 where the perturbation velocity is approximated via expansions of solenoidal fields built up from suitably modulated Chebyshev polynomials in the radial direction. Explicit expressions of the velocity fields used in the expansion are given in Meseguer and Marques. 11 For each ͑n , k͒ azimuthalaxial mode, the radial discretization over a Gauss-Lobatto mesh leads to a generalized eigenvalue problem, G͑,n,k͒X = H͑Ri,Ro,Re,,n,k͒X, ͑9͒
where X contains the coefficients of the spectral approximation of the velocity field u. Due to the solenoidal constraint, identically satisfied by X, the ͑n , k͒ Fourier subspace is two dimensional. Therefore, the matrices G and H resulting from the projection of the linearized Navier-Stokes operator are of size ͑2M +1͒ ϫ ͑2M +1͒, where M is the number of trial spectral functions used in the radial discretization. The problem is then reduced to the computation of the spectrum of eigenvalues of ͑9͒ via any standard numerical linear algebra package such as LAPACK. The condition of criticality is obtained when the rightmost eigenvalue of the spectrum of ͑9͒ crosses the imaginary axis ͑R =0͒. This condition must be imposed for each set of values of the parameters, resulting in an implicit dependence between the parameters of the perturbation ͑n , k , I͒ and the set of Reynolds numbers ͑Ri, Ro, Re͒. The symmetries allow us to restrict the exploration to the cases ReϾ 0 and RiϾ 0. Furthermore, since the Navier-Stokes equations are real, the complex conjugate of a perturbation ͑5͒ and ͑6͒ is also a solution, and we can change simultaneously the sign of n and k and the imaginary part of . Therefore, the exploration in the normal-mode analysis can be reduced to the case k ജ 0 and n =0, ±1, ±2,… . When axisymmetric modes n = 0 are dominant in the transition, the bifurcated pattern is the Taylor vortex flow, provided that k 0. In addition, if the imaginary part of the rightmost eigenvalue, = I, is not zero, these Taylor vortices will travel in the axial direction with a constant speed c = / k. When n and k are nonzero, the eigenvector of the linear problem has the form of a spiral pattern. The wave numbers n and k, together with , fix the shape and speed of the spiral. The angle ␣ of the spiral with a z-constant plane is given by tan ␣ =−n / ͑r o k͒ =−͑1−͒n / k; the speed of the spiral in the axial direction ͑on a -constant line͒ is c =− / k, and the precession frequency in the azimuthal direction is pr =− / n. In order to visualize the flow corresponding to the critical modes, a helical streamfunction 8 will be used. Due to the periodicity ͑5͒ in ͑ , z͒, the eigenvectors are functions of two coordinates only, r and = n + kz. This allows the introduction of a helical streamfunction ͑r , ͒ such that
The fluid particles move on = constant surfaces.
III. ON THE COMPUTATION OF CRITICAL VALUES
This section is focused on the multiple difficulties that may appear when computing the critical values Ri c as a function of Re and Ro, or those of Re c as a function of Ri and Ro. The neutral stability curves ͑NSCs͒ may exhibit multiple minima and disconnected regions of instability of arbitrary sizes and shapes. 8, 9 This phenomenon is better understood when looking at the neutral stability surfaces on a threedimensional projection. For example, Fig. 1͑a͒ shows the ͑Re, Ri, k͒ = 0 isosurface for Ro= 450 and n = −5 within the range ͑Re, Ri, k͒ ͓80, 110͔ ϫ ͓100, 900͔ ϫ ͓0,6͔. The keel shape of this surface is responsible for the multiplicity of critical points and islands of instability. Figure 1͑b͒ shows the NSC cross sections of the neutral stability surface appearing in Fig. 1͑a͒ for different values of Re. For Re Ͻ 78.72, the NSC has a unique minimum, but when Re = 78.72 a point of instability ͓black dot in Fig. 1͑b͔͒ appears at ͑k c , Ri c ͒ = ͑0.619, 310.0͒, in coexistence with the no longer dominant critical value ͑k c , Ri c ͒ = ͑3.673, 748.8͒ of the upper branch ͑white dot at the thick curve Re= 78.72 in Fig. 1͑b͒͒ . From that value of Re on, a dominant island of instability grows ͓the keel in Fig. 1͑a͔͒ and merges with the upper branch ͓curves Re= 80, 90, 100, and 110 of Fig. 1͑a͔͒ . This is just an example of how difficult it can be to detect the instability region and to compute the minimum value of the NSC, even for a single azimuthal mode. This fact affects the exploration when varying Re since nothing is known in advance about the topological features of the NSC.
Another pathology that can be present in the structure of the NSC is the coexistence of two minima with clearly different axial and/or azimuthal wave numbers. This is observed in Fig. 2͑a͒ 
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On the stability of medium gap corotating spiral Phys. Fluids 17, 094104 ͑2005͒ 2͑b͒ illustrates the rapid change of the topological structure of the NSC for n = −4. For Ro= 198.51, the critical point ͓black dot in Fig. 2͑b͔͒ is located at ͑k c , Ri c ͒ = ͑0.029, 7307.1͒, whereas for Ro= 199.02 the critical value has decreased drastically ͓white dot in Fig. 2͑b͔͒ to the point ͑k c , Ri c ͒ = ͑0.092, 2267.7͒; a change of 0.26% in Ro changes Ri c by a factor of 3.2. Consequently, a fine grid in Ro needs to be used in the exploration, increasing the computational cost. Overall, the unexpected large variations of azimuthal and axial wave numbers, in combination with the strong gradients of the critical Reynolds numbers resulted in some errors in our previous study. 8 A comprehensive exploration in the ͑k , Re͒ plane within the interval ͑k , Re͒ ͓0,10͔ ϫ ͓0 , 1.5ϫ 10 4 ͔ on a regular equispaced grid would require a huge amount of evaluations of the spectrum of eigenvalues of ͑9͒ in order to detect the instability tongue shown in Fig. 2͑b͒ or the instability island for Re= 80 shown in Fig. 1͑b͒ . For this reason, it is necessary to work with a self-adaptive grid width, at least in the k variable. The present computations have been carried out using an evaluation method in a nonuniform grid k j with increments ⌬k = k j+1 − k j which are suitably adapted at every point of the geometry of the function . For this purpose, a local evaluation of the first derivative ‫ץ‬ k provides some insight on the behavior of the real part of the rightmost eigenvalue of ͑9͒. It is clear, from Fig. 2͑b͒ , that such a narrow region of instability is directly related to strong variations of ͑k͒, for Re fixed. Wherever the algorithm detected high values of ‫ץ‬ k , the ⌬k increments were automatically decreased to the required resolution. Once the algorithm detected a change of sign, a secant method was applied to converge to the desired critical minimum.
The reliability of the computed critical values lies on the radial resolution used to approximate the spectrum of eigenvalues of ͑9͒. It is a common practice to increase the number of radial modes M or collocation points as long as any of the Reynolds numbers is increased. The accuracy of the eigenvalues obtained might also be affected when increasing the axial or azimuthal wave numbers if there is no automatic control of the radial order of approximation. As an example, Fig. 3 plots the required minimum of radial modes in order to compute the rightmost eigenvalue of ͑9͒ with a relative
, where max M 0 is an "exact" or reference value obtained with M 0 = 64. The analysis in Fig. 3 corresponds to the particular case Ri= Ro =0 ͑cylinders at rest͒ and azimuthal wave number n = 5. Increasing n , Ri, or Ro requires more radial modes. The computations presented in this work have been done monitoring the value of M so that the rightmost eigenvalues computed at any point of the parameter space are converged to four significant digits.
IV. LINEAR STABILITY RESULTS FOR MODERATE Re
In this section, the exploration covers the corotation region ͑RiRoϾ 0͒ within the range ͑Re, Ro, n , k͒ ͓0 , 125͔ Fig. 4 . This critical surface was previously computed, 8 but part of the results were incorrect, as was pointed out in a recent similar study. 9 The curves on the critical surface in Fig. 4 correspond to changes in the azimuthal wave number n. In these bicritical curves, two eigenvalues with different n become simultaneously unstable. A projection of these curves on the ͑Re, Ro͒ plane, including the values of n, is plotted in Fig. 5͑a͒ . On many of these curves the change in n is ⌬n = ± 1, but there is a curve ͓the thick line in Fig. 5͑a͔͒ where n changes sign, resulting in variations of n as large as ⌬n = 12 units. These large increments in the azimuthal wave number were overlooked by the exploring algorithm used in the past in our earlier work. 8 Only the region on the critical surface where n ജ 0 was correctly computed, and it has been represented by a shaded region in Fig. 4 . This large change in n is one of the several difficulties mentioned in Sec. III that make the computation of the critical surfaces in multiparameter problems so difficult. Although the qualitative shape of the stability surface is the same as the one that appeared in our studies in the past, 8 the critical parameters, such as the angle of the spirals ␣ or their propagation speed c, are considerably different above and below the thick curve represented in Fig. 5͑a͒ due to the change of sign of the azimuthal wave number n.
In Fig. 5͑b͒ , six cross sections of the critical surface have been plotted for quantitative analysis. The transition points between different azimuthal wave numbers have been included in the Ro= 450 curve in order to compare with other studies; 9 a very good agreement is observed between both computations. The only difference is the location of the transition point between the n = 0 and n = −1 modes, 9 where this transition seems to occur for Reϳ 38.2, although in the present computation this transition takes place for Re = 31.45 ͑a 20% change͒, as can be observed from the neutral stability curves plotted in Fig. 6 . The authors believe that there could be just a graphical, but not numerical, mistake in Fig. 6 of Ref. 9 when marking the transition with a transversal slash at the incorrect location. 
094104-5
On the stability of medium gap corotating spiral Phys. Fluids 17, 094104 ͑2005͒
When the outer cylinder is at rest ͑Ro=0͒, axisymmetric perturbations are dominant for ReՇ 24.2. As long as Ro is increased, the threshold value for dominance of axisymmetric disturbances stagnates at nearly Reϳ 31.5. Nevertheless, the transition from axisymmetric to nonaxisymmetric azimuthal modes depends on the value of Ro. For instance, if RoϽ 189, the transition is from n c =0 to n c = 1. For Ro Ͼ 189, the dominant mode is no longer n c = 1 but n c = −1, and this unexpected change was not detected in our previous computations 8 due to a lack of azimuthal resolution in that region. This abrupt change in the angular dependence of the critical perturbation leads to a transition to secondary spiral regimes with opposite angle and speed. The thick curve in Fig. 5͑a͒ separates positive ͑or zero͒ from negative nonaxisymmetric modes. This curve is continuous, and the discontinuities in slope are due to the fact that n is an integer. Along this curve, tricritical points of coexistence of different spiral regimes have been computed accurately. The coordinates of these points and their associated transition values have been enlisted in Table I ; the Poiseuille number P and the rotation rate ratio have also been included in the table. For low values of Re the tricritical points have nearly the same rotation rate = ⍀ o / ⍀ i ϳ 0.24, but this property disappears when increasing the axial speed of the basic flow. Above and below the thick line in Fig. 5͑a͒ , the bifurcated patterns are remarkably different. The spirals appearing below the frontier have a negative angle ␣ and travel downstream with an axial speed c close to the Poiseuille mean speed, whereas above the bicritical curve both features, angle and axial speed, change sign.
In order to visualize the flow, we have used the helical streamfunction introduced in ͑10͒. The three spiral regimes corresponding to the n = ± 1, 2 tricritical point have been visualized in Fig. 7 . Contours of have been plotted in the ͑r , z͒ plane corresponding to = 0 in order to visualize the inner structure of the eigenmode. Three-dimensional views of two convenient isosurfaces = ± constant have also been included; dark/light isosurfaces correspond to negative/ positive values, respectively. For each azimuthal mode, two and a half axial wavelengths have been represented preserving the radial-axial scale for quantitave comparisons. The plotted spirals differ not only in their angle, axial speed, or periodicity, but also in the radial structure of the mode. Negative modes n =−1,−2 ͓Figs. 7͑a͒ and 7͑c͔͒ tend to be clustered near the outer wall, whereas the positive mode n =1 ͑Fig. 7͑b͒͒ is concentrated near the inner cylinder.
V. LINEAR STABILITY ANALYSIS FOR HIGH Re
The present study has extended the exploration to higher values of the axial Reynolds number. First of all, we computed the critical axial Reynolds number for the particular case when both cylinders are at rest, the so-called TollmienSchlichting instability, already obtained by many authors. 9, 12, 13 In this particular case, for = 0.5 the modes with n = ± 2 are the first modes that become unstable in the precipitous fall at Re c = 10 359.2 for k c = 1.478 25, in very good agreement with ͑Re c , k c ͒ = ͑10 359, 1.479͒, obtained in a recent analysis. 9 In Table II , the critical values have been tabulated as a function of the order M of radial approximation; in order to obtain six significative digits, at least M = 38 radial modes are required. These values confirm the necessity of increasing the radial resolution when the axial Reynolds number is particularly high.
The range covered by the present exploration is ͑Ro, Re͒ ͓0 , 450.0͔ ϫ ͓0 , 2.0ϫ 10 4 ͔, with −10ഛ n ഛ 10 and 0 ഛ k ഛ 25.0. Figure 8 shows a view of the complete linear stability surface of the corotating spiral Poiseuille flow, where a logarithmic scale has been used in the Re axis ͑from 1 to 2.0ϫ 10 4 ͒. To the authors' knowledge, this complete surface within the corotating regime has never been computed before. On this surface the curve corresponding to the particular case = 0.5 has been plotted, and it will be studied in detail in Sec. V A. The three-dimensional view makes clear the presence of a turning point in some -constant curves, such as = 0.5 and the singular limit → ϱ, i.e., the intersection of the surface with the Ri= 0 plane. This phenomenon, directly associated with the effects of the outer rotation Ro of the cylinder, will be analyzed later in Sec. V A. The three-dimensional view in Fig. 8 shows a region of the ͑Re, Ro͒ plane where the critical inner Reynolds number is almost uniform. This plateau region is clearly visible for axial Reynolds numbers within the range Re ͓10 3 ,10 4 ͔ and for low or moderate outer rotation Reynolds number Ro ͓0 , 100͔. The critical surface exhibits a drastic fall for Re ϳ 10 4 due to the sudden dominance of the TollmienSchlichting instability. This feature disappears when increasing Ro. For RoϾ 150, the plateau starts to decrease its height gradually in the interval Ro ͓150, 200͔, and finally merges with the Ri= 0 plane for an almost constant value Ro = 198.48. Figure 9 displays the most relevant features at high Re of the stability surface for different values of the outer rotation Reynolds number Ro. The curves associated to Ro= 0 and Ro= 100 share some qualitative features, although some differences must be pointed out. In both curves, the inner critical Reynolds number Ri c stagnates at an asymptotic value before the Tollmien-Schlichting instability takes place. The geometrical features of the critical surface suffer small, but relevant, changes when Ro is increased. For Ro = 100 and 850Ͻ ReϽ Re 100 * = 10071, the value of the critical inner rotation decreases to Ri 100 c = 70.549, and the dominant azimuthal wave number decreases as well to n c =6 ͓Fig. 9͑b͔͒. Above Re 100 * , n c = 2 becomes the dominant azimuthal mode, starting a drastic fall of Ri c . In contrast with the Ro = 0 curve, n c = −2 is the first mode that becomes unstable in the precipitous fall at ͑Re, Ri͒ = ͑10 354, 20.5͒, where the critical boundary exhibits a turning point, shown in Fig.  10͑a͒ , thus decreasing the axial Reynolds number in the Tollmien-Schlichting region to Re= 10241. This phenomenon can be understood when looking at the NSC corresponding to the modes n = ± 2 in Fig. 10͑b͒ for Ro= 100 and Re = 10 300. According to the location of the maximum and minimum of the two azimuthal modes shown in Fig. 10͑b͒ , there is a range of values of inner rotation Reynolds numbers within which the basic flow remains stable. As a result, the precipitous fall is multivalued ͑at least when Ro 0͒ near the Tollmien-Schlichting region. The competition between n = −2 and n = 2 for low rotations is expected, since the rotational symmetry is broken by the presence of very small azimuthal speeds, relative to the axial velocity in that region.
The critical surface shown in Fig. 8 exhibits a flat plateau followed by a precipitous fall for a moderate outer rotation Reynolds number Ro. These features disappear above a threshold value of Ro= 198.48. The stability boundary for Ri= 0 depicted in Fig. 11 for Ri= 0 clearly shows the change FIG. 10 . ͑a͒ Details of the critical curve Ro= 100 near the TollmienSchlichting instability region. ͑b͒ Neutral stability curves corresponding to the azimuthal modes n =−2 and n = 2 for Re= 10300 and Ro= 100. Table III contains the most relevant critical values of the boundary plotted in Fig. 11 . Figure 12 shows the critical axial wave number k c as a function of Re for the same values of Ro as in Fig. 9 . An interesting feature is that the axial periodicity of the secondary regimes is always bounded within the explored domain, with a maximum value of k close to 5.0. For low or moderate rotations, the axial wave number suffers a remarkable change when approaching the Tollmien-Schlichting instability. For Ro= 0, the critical axial wave number decreases down to k − = 0.042 when increasing Re ͑the plateau with n = 7 in Fig.  9͑a͒ just before experiencing an increase by a factor of 35 up to k + = 1.4820, when the n = 2 becomes dominant, reflected in the isolated dots on the right of Fig. 12͑a͒ . The same qualitative behavior is observed for RoϽ 198.48 ͓Fig. 9͑b͔͒, just before the dominance of the outer rotation instability mechanism over the axial shear. The decrease in k can be seen in Fig. 12͑c͒ and 12͑d͒ for Ro= 200 and Ro= 400, where the huge jump in k for large Re is absent. Figure 13 shows the normalized axial speed c / Re as a function of Re for the same values of Ro as in Fig. 9 Fig. 9 .
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persists for higher outer rotations ͑curves Ro= 200 to 450 in 13͒, and the spirals have the same helical orientation as the basic flow ͑␣ Ͼ 0͒ but move upstream with speeds much higher than in the low Ro case. Three different eigenmodes have been plotted in Fig. 14 , showing the essential features of the secondary regimes for high values of Re. Figure 14͑a͒ shows an n = 6 mode corresponding to the plateau in Fig. 9͑b͒ for Re= 1066, Ro= 100, and Ri c = 70.78. The angle of the spirals is ␣ = −86°and ␣ → −90°when Re increases up to the Tollmien-Schlichting instability boundary shown in Fig. 10͑a͒ . Figure 14͑b͒ shows an n = −4 mode corresponding to the stability boundary in Fig. 11 for Re= 1000, Ro= 201.44, and Ri= 0. The angle of the spirals is ␣ = 84°and ␣ → 90°when Re approaches the precipitous fall at Re= 10 128. Figures 10͑a͒ and 10͑b͒ are examples of the change of sign of n that has been described in Sec. IV. In fact, the thick line in Fig. 5͑a͒ extends to high Re keeping Ro almost constant up to the TollmienSchlichting instability boundary. Figure 14͑c͒ shows the n = −2 Tollmien-Schlichting mode at criticality for Re= 10359 and Ri= Ro= 0, corresponding to the last point in Fig. 11 . In fact, for Ri= Ro= 0 both modes n = ± 2 bifurcates simultaneously, and the eigenfunctions for the n = 2 mode is the same as for n = −2 but reflected on the plane =0. In all three cases shown in Fig. 14 14 For Ͻ 2 the -constant planes cut the asymptotic plane, while for Ͻ 2 they do not cut the asymptotic plane, resulting in the latter case in a critical curve with a turning point, as shown in Fig. 8 for = 0.5. For ϳ 2 , the -constant planes are almost tangent to the asymptotic plane, and very small variations of result in extremely large changes in the critical parameters.
By using relations ͑4͒, the numerical algorithm used in this study can be suitably modified in order to recover Cotrell and Pearlstein's results for the particular case = 0.5. This computation has also been particularly useful in order to validate the azimuthal resolution of the spectral method. In Fig. 15 
VI. CONCLUSIONS
A comprehensive linear stability analysis of a spiral Poiseuille flow has been provided for a medium gap geometry ͑ = 0.5͒ and with independently corotating cylinders. The detailed exploration for low axial speeds and the increased resolution in the azimuthal direction with respect to previous studies have revealed new and unexpected bifurcation phenomena. The presence of a curve on the critical surface separating positive and negative azimuthal wave numbers results in a drastic and unexpected change in the axial speed and angle of the bifurcated spirals. On this curve, tricritical points where three different spiral modes bifurcate simultaneously have been accurately computed. Complex nonlinear dynamics due to mode interaction is likely to be expected near this curve, deserving further numerical and experimental studies.
The exploration has been enhanced to high axial Reynolds numbers, computing the critical surface for the first time and providing new results on the behavior of the Tollmien-Schlichting instability. In particular, close to an outer rotation Reynolds number of Roϳ 198.48, a drastic change takes place in the instability mechanism: the Tollmien-Schlichting instability is no longer dominant and the large plateau characteristic of small Ro values disappears, resulting in a dramatic decrease in the critical axial Reynolds number Re. This phenomenon is explained by studying the critical values when the inner cylinder is at rest.
Finally, the geometry of the computed linear stability surface offers a nice explanation of the presence of turning points in the critical curves recently obtained by other authors 9 for fixed values of the ratio of the cylinder's angular velocities . The sudden appearance of these turning points is due to a tangency with the critical surface when a parametrization based on ͑Ta, ͒ is used. The critical surface becomes asymptotic to the plane = 2 = 0.25, corresponding to the Rayleigh stability criterion for the Taylor-Couette flow, and very small variations of ϳ 2 result in extremely large changes in the critical parameters, including the sudden appearance of turning points.
